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Abst rac t - - I f  a local homeomorphism of the real plane, h = (f, g) : R 2 --, R 2, is not one-to- 
one, then both f and g have fibers with connected components whose images under h are disjoint. 
Global homeomorphisms h are characterized in terms of properness along fibers of, and simplicity of, 
component maps. Two known counterexamples to univalence conjectures (for Samuelson maps and 
polynomial maps) are used to illustrate the results. 
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1. INTRODUCTION 
A sufficient condition for a local homeomorphism h = (f, g) : R 2 ~ R 2 to be one-to-one is that 
its component maps f and g do not have any nonoverlap fibers (Theorem 4.2). Here a nonoverlap 
fiber of g, say, is a fiber e = g- l (v)  with two connected components that have disjoint images 
under h. Necessary and sufficient conditions for h to be a global homeomorphism of the plane 
are given in terms of partial properness (properness of the map along fibers of f or g) and of 
connectedness of the fibers of f and g (Theorem 4.3). 
Global univalence theorems are ones that establish that a map is one-to-one on its entire domain 
of definition [1]. Gale and Nikaid6 gave the example h = (f, g) = (e 2x - y2 + 3, 4e2Xy - y3) of 
a local homeomorphism with ~ nowhere vanishing to refute a global univalence conjecture of 
Samuelson [2]. Recently, Pinchuk provided a class of counterexamples to the strong real Jacobian 
conjecture (that every polynomial map of R" to R n with nowhere vanishing Jacobian determinant 
is univalent) [3]. One is a map F = (P, Q) : R 2 -~ R 2 with P(x, y) and Q(x, y) polynomials of 
total degree 10 and 25, respectively [4]. For both h and F, nonoverlap fibers are exhibited and 
the (finite) complement of the image is identified. 
The proofs use theorems from [5] on local homeomorphisms from one connected topological 
manifold to a product of two others; some required injectivity conditions are automatically sat- 
isfied for maps of R 2 to R 2. The companion paper [6] applies these same theorems to complex 
polynomial maps of C ~ to C ~ with constant nonzero Jacobian determinant (the Jacobian con- 
jecture case; the paper also proves some more specific results for polynomial maps of C 2 to C2). 
See also [7]. 
2. RELATED RESULTS 
Sabatini [8] deals with topics very similar to those in this paper for maps of R 2 to itself 
that are C11¢ (have locally Lipschitzian derivatives). He considers properness of one component 
of a local diffeomorphism (f, g) not only along the level curves of the other, but along more 
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general curves (e.g., solutions of a gradient system). Among the results he obtains are that 
(f, g) is a homeomorphism if, and only if, / is proper on all the level curves of g and g is proper 
on all the level curves of f .  He also notes that univalence follows from connected fibers for 
either component map. Sabatini's parallel neighborhoods, trips, and inseparable orbits involve 
topological considerations similar, but not identical, to those in [5]. He also formulates ome 
results for maps of proper subdomains of R 2 to R 2. 
Nguyen [9] shows that a polynomial map from R 2 to itself is a homeomorphism if it has a 
Jacobian matrix with a nowhere vanishing determinant and at least one of the entries of the 
matrix has all of its zeroes contained in a compact subset of R 2. The proof involves properness 
along the integral curves of a suitable vector field. A weaker result (the entry must vanish 
nowhere) is proved in [10] for the larger class of rational, everywhere defined maps (and the proof 
uses the properness cquivalently, surjectivity--of maps from given curves in R 2 to R). 
3. TOPOLOGICAL  PREL IMINARIES  
A topological manifold is a topological space that is Hausdorff, locally Euclidean, and has 
a countable basis for its topology. Let L, M, and N be connected topological manifolds, of 
dimensions l, m, and n, respectively. Let h = (f, g) : N -~ L x M be a local homeomorphism 
(so that n = l + m). Then there are foliations/: and AJ of N, whose leaves are the connected 
components of the fibers of f and g, respectively. Identify a foliation, as a set, with the set of its 
leaves. Let A E / :  be a fixed leaf, and let ~ be the union of all leaves # E 2~4 that intersect A. It 
is clear that ~ is a pathwise connected open subset of N. The topological boundary 0~2 of ~ is 
a closed subset of N that is AJ-invariant (that is, it is a union of leaves # E A4). 
DEFINITION 1. A fiber e = g- 1 ( v ) of g is an overlap fiber i£ any two leaves #, #~ C e of A4 contain 
points p, p', respectively, with h(p) = h(p') (equivalently, f (p) = f (p') ). 
DEFINITION 2. (Standard terminology) A map ¢ : X ~ Y of topological spaces is called simple 
f f the fiber ¢-1(y) is a connected subspace of X for every y E Y. 
The following two theorems summarize the principal results of [5]. The first theorem was stated 
incorrectly in [5]. It is presented here in corrected form [7]. 
THEOREM 3.1. (Simple Univalence Theorem) Let h = (f,g) : N -* L x M be a local homeomor- 
phism of connected topological manifolds. Let A be a connected component of a fiber f - - l (u) .  
Then h is globally univalent and g is simple if, and only if, the following three conditions are all 
satisfied: 
(1) g is one-to-one on A and g(A) = g(N), 
(2) f is one-to-one on the connected components of fibers of g that intersect A, and 
(3) all fibers of g are overlap fibers. 
The following is an analogue of Hadamard's theorem (on proper local homeomorphisms) for
partially proper maps to a product of simply connected manifolds. 
THEOREM 3.2. (Partial Properness Theorem) Let h = (/ ,g) : N --* L x M be a local homeomor- 
phism of connected topological manifolds, with L and M simply connected. Let A be a connected 
component of a f iber / - l (u ) .  Then h is a global homeomorphism if, and only if, the following 
three conditions are all satisfied: 
(1) g is proper on A, 
(2) f is proper on the connected components of fibers of g that intersect A, and 
(3) a//fibers of g are overlap fibers. 
To finish up this section, note the following (the proof is trivial). 
LEMMA 3.3. Let h = (/, g) : N --* L x M be a local homeomorphism of topological manifolds, 
with M connected, and let A be a connected component of a fiber f - l (u ) .  Then ira is compact, 
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so is M. If :k is not compact, then it extends to oo, in the sense that A is not contained in any 
compact set. 
4. MAPS OF  THE REAL  PLANE TO ITSELF  
Any local homeomorphism from one open interval of the real line to another is either monotone 
increasing or monotone decreasing. So any local homeomorphism from a noncompact connected 
one-manifold (necessarily homeomorphic toR) to another is injective. Thus, injectivity conditions 
on the restrictions of a local homeomorphism h = (f, g) to the connected components of the fibers 
of f or g are automatically satisfied, if the fibers in question have (real) dimension 1 and are not 
compact. Furthermore, this makes it easy to characterize properness. 
LEMMA 4.1. Let h = (f, g) : N --* L x M be a local homeomorphism of connected topological 
manifolds, with m = dim M = 1 and M noncompact. Let A be a connected component of a fiber 
f - l (u ) .  Let ~ : A -~ M denote the restriction of g to A. Then, 
(1) ~ is one-to-one, and 
(2) ~ is proper if, and only if, it is onto. 
PROOF. M noncompact ::~ A not compact (by Lemma 3.3) ~ ~ injective. ~ proper ~ ~ onto 
(since ~(A) is open and closed in M) =~ .~ homeomorphic =~ ~ proper. I 
REMARK. Suppose that the map h = (f,g) : R 2 --* R 2 is continuously differentiable, with 
nowhere vanishing Jacobian determinant J. Then a fiber )~ of f is (the set of points of) a curve 
(x(t), y(t)), which is the solution of the ordinary differential equation (ODE) 
(where ~ denotes differentiation with respect o t, and fx and fy are the partials of f with respect 
to x and y). This equation arises from differentiating the relations f (x ,  y) = u and g(x, y) = t. 
So it satisfies g(x(t), y(t)) = t, and hence, ~ : A --* R is onto (equivalently, proper) if, and only 
if, the ODE has no finite escape time (is complete) for any initial condition corresponding to a 
point of A. Note that one knows a priori that the solution curve (x(t), y(t)) extends to infinity 
(Lemma 3.3). 
For maps of R 2 to itself, one obtains the following variants of Theorem 3.1 and Theorem 3.2 
of the preceding section. 
THEOREM 4.2. Let h = (f, g) : R 2 --* R 2 be a local homeomorphism. Then h is univalent and 
g is simple if, and only if, all the fibers ofg are overlap fibers. In particular, i fh  is not univalent, 
then g has a fiber that is not an overlap fiber (and so does f ,  by symmetry of the hypotheses). 
PROOF. If g is simple, every fiber of g is connected, hence, an overlap fiber. Conversely, suppose 
that all fibers of g are overlap fibers. It suffices to show that h is injective in order to show that 
g is simple also; for if e = g- l (v)  has components whose images under f overlap, h = (f, g) cannot 
be injective. Let A be the set consisting of all domains (open, connected subsets of II(2) that 
are Ad-invariant and on which h is injective. Since the union of a chain of domains D E A is 
again in A, Zorn's lemma implies that there is a maximal one. Call it D. If D -- R 2, the proof is 
complete. Otherwise, let p E OD, and obtain a contradiction as follows. Note that g(D) is an open 
interval (a, b), where a = -c~ and b = c~ are allowed. Suppose that g(p) E cOg(D), say g(p) = b. 
Use f and g as coordinates in a small neighborhood of p to see that h is still injective if we add 
to D points pt near p with f(p') = f(p) and g(p') > b. Now throw in the connected components 
of fibers #~ through these points. The result is a larger element of A, contradicting maximality. 
Thus, g(p) ~ cOg(D), and so g(p) E g(D). Let d E D satisfy g(p) = g(d). Let A be the connected 
component of f - l ( f (d ) )  containing d, and fl the union of all leaves # E A/i that intersect ),; 
both are contained in D by maximality. Let N be the connected component of W = g-l(g(A)) 
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containing ft. Leaves # E A4 that lie in D are uniquely determined by their values g(#), because 
h is injective on D and the fibers ofg are overlap fibers. Every neighborhood ofp  contains points 
in D with values near g(p), hence in g(~). The unique leaf# in D with a given value in g(,k) must 
be the one that intersects ,k. So p is in the closure of fl, and thus, p E N. Since D was maximal 
in A, h is not injective on N. Restrict the maps f ,g ,h  to N and apply the SUT (Theorem 3.1). 
Let g- l (v)  N N be a nonoverlap fiber of the restriction. Then e = g- l (v)  is a nonoverlap fiber 
in R 2 (because N is open and closed in W). Contradiction. | 
THEOREM 4.3. Let h = ( f  , g) : R 2 --* R 2 be a local homeomorphism. Let A (#) denote connected 
components of fibers of f (respectively, g). Then the following are equivalent: 
(1) h is a homeomorphism, 
(2) g is proper on every A, and f is proper on every #, 
(3) g is proper on a single A, and f is proper on every # for which #C) A ~ 9, 
(4) h is onto, and f and g are simple, and 
(5) h is onto, and f or g is simple. 
PROOF. If h is a homeomorphism, then g is a homeomorphism on every A, and f is a homeo- 
morphism on every #. Thus, (1) =~, (2) ::~ (3). Given (3), note that g(A) = R because g is proper 
on A. By the SUT (Theorem 3.1), h is univalent. By properness (applied to A, then to each # 
that intersects A) h is onto. So (3) =~ (1). Clearly (1) =~ (4) =~ (5). Conversely, suppose that 
h is onto, and that, say, g is simple. If h(p) = h(q), let v = g(p) = g(q). Then p and q belong to 
e = g- l (v) ,  which is connected. Since f is injective on e, it follows that p = q. So (5) =~ (1). | 
REMARK. Both of the above proofs work equally well for a local homeomorphism f -- (h, g) : 
N --~ R 2, with N a connected topological manifold. For differentiable maps of R 2 to itself 
that are Clloc, Sabatini [8] obtained results similar to both of these theorems. In particular, 
his parallelizable =~ injective is a close kin to no nonoverlap .fibers =~ injective, but is proved 
differently. He notes the equivalence of (1) and (2) in the second theorem. Simple ::~ injective 
has often been noted [8,9]. 
To illustrate these theorems in the interesting (nonhomeomorphic) case, consider the coun- 
terexamples of Gale and Nikaid6 [2] and of Pinchuk [3]. 
Samuelson maps are (differentiable) maps, whose Jacobian matrix has leading principal minors 
that vanish nowhere; the name arises from a 1953 paper on the theory of general equilibrium in 
economics by Samuelson, the noted economist and Nobel laureate [11]. He suggested that such 
maps must be globally univalent. In 1965, Gale and Nikaid6 published a simple example of a 
Sarnuelson map of R 2 to itself which is not univalent: F( x, y) = (f, g) = ( e 2x - y2 + 3, 4e2Xy -
y3) (see [2]). (Such a counterexample cannot be rational [10].) 
It is easy to explicitly parameterize the level curves of the Gale-Nikaid6 map, by solving 
equations of the form f -- u or g = v. For f ,  there are two cases. If u > 3, then the curve f -- u 
is connected (solve for x). If u _< 3, then the curve (i.e., fiber) f = u has two components ( olve 
for y). For g, the curve g = 0 has three components: the x-axis (y = 0) and the curves y = +2e x. 
For g = v ~ 0, x = (1/2) ln(v/4y + y2/4), which is a curve with two components, corresponding 
to the two half-infinite open intervals for y, where v/4y + y2/4 > 0. Of these fibers, exactly two 
are not overlap fibers, namely f = 3 and g = 0. The fiber f = 3 has two components y = 4-e x 
and g has range (0, oo) on y -- e x and range (-oo,  0) on y = -e  x. The fiber g = 0 is pictured in 
Figure 1. On the component y = 0, f has range (3, c~), and on each of the other two components, 
it has range ( -oo,  3). 
Let A be a connected component of a fiber f -- u and construct the corresponding region ft. For 
each choice of A, it turns out that Oft consists of components of g -- 0. Those three component 
curves bound four regions. Label their closures as A, B, C, D in clockwise order from the upper 
left. A simple check verifies that ft is the interior of exactly one of the following: B, C, A k/B, 
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Figure 1. Nonoverlap fiber g = 0 for the Gale-Nikaid6 map. 
B tA C, or C tA D. Which one it is depends on the choice of A. In the image (u, v) plane 
(1) the point u -- 3,v -- 0 is not the image of any point, 
(2) points (u,v) with u < 3 and - (3  - u) 2/3 < v < +(3 - u) 2/3 have two preimages, and 
(3) every other point has exactly one preimage. 
So the image of F is the punctured plane R 2 \ {(3,0)}. 
Pinchuk's counterexample to the strong real Jacobian conjecture [3,4] can be described as 
follows. Let t = xy  - 1, h = t(xt  + 1), f = ((h + 1) /x ) (z t  + 1) 2, P = f + h, q -- - t  2 - 6th(h + 1), 
2 2 3 3 4 u : 170fh+91h +195fh +69h +75fh  +(75/4)h , Q : q -u .  Then, F(z ,y ) :  (P (x ,y ) ,Q(z ,y ) )  
is a real polynomial map of R 2 to itself, whose Jacobian determinant vanishes nowhere (proved 
by Pinchuk, but not here) and which is not univalent. Because s = xt + 1 divides P, giving a 
factorization into polynomials of degrees 3 and 7, it is easy to parameterize the components of the 
fiber P = 0. Figure 2 depicts the fiber P = 0. The two "dotted" curves are the two components 
of s = xt + 1 = x2y - x + 1 = O, and the other three curves are the components of P/s  -- 0. Call 
the components Ai, i = 1, 5, numbering them in a clockwise sense, starting from the upper left. 
Then Q(A1) = (0,208), Q(A2) : ( -c¢ ,  0), Q(A3) = (0, oo), Q(A4) = ( -c~,  0), Q(A5) : (208, co). 
Since there are components with disjoint ranges, this is a nonoverlap fiber. 
P = -1  can be dealt with similarly (P+ 1 = 0 factors). The other fibers are parameterized by 
the rational curve z(h)  -- ( ( c -h  )(h+ l ) ) / (  (e -2h-h2)  ), y(h) = ( (c -2h-h2)2(c -h -h2)  )/ ( ( c -h  )2). 
Their components are the images of the map h ~-* (x(h), y(h)) for values of h between successive 
poles (which occur when h -- c or c - 2h - h 2 -- 0; no cancellation occurs as long as c is neither 0 
nor -1) .  Table 1 summarizes the data on number of components and the range of Q for all 
fibers P = c. 
The symbol h is used here consistently: h(x(h),  y(h)) is identically equal to h. Thus, Pinchuk's 
map, considered as a rational map, is the composition of the birational map (x, y) H (P(x,  y), 
h(x, y)) and the rational map (P, h) ~ (P, Q(P, h)). From Table 1, the fiber P = c is a nonoverlap 
fiber for -1  < c < 0, an overlap fiber for c > 0 (one can show that if c > 0, then q+ < q-) ,  
and an overlap fiber for c < -1 .  Note that there are fibers P = c with components on which 
F is proper (as Q tends to +oo and to -~) .  Compute the image of Pinchuk's map as follows. 
For c > 0 or c < -1 ,  there are adjacent poles at which Q assumes the values =koc, and so every 
value (c, d) occurs in F(R2). For c -- 0, only (0, 0) and (0,208) are omitted, and for c -- -1 ,  







Figure 2. Nonoverlap fiber P = 0 for Pinchuk's counterexample. 
Table 1. Ranges of Q on fibers P -- c for Pinchuk's map. 
P = c Ranges of Q on the components 
c > 0 (+co, q-) ,  (q-,  q+), (q+, -co),  ( -co,  +co) 
c = 0 (0, 20s), C-co, 0), (0, +co), (-co, 0), (208, +co) 
- I  < c < 0 (+co, q- ) ,  (q - , - co ) ,  ( -co,  q+), (q+, +co) 
c = --I (--co,--163/4), (--co,--163/4), (-163/4, +co), (--163/4, +co) 
c <: -1  (+co, -co) ,  (-co,-I-co) 
Legend: (a, b) denotes the open interval from min(a, ~) to max(a, b); q+ (q-)  -- 
the value of Q at h = -1  + ~ (respectively, -1  - ~ ) .  
only C - l , -163/4)  is omitted. For -1  < c < 0, only q+ and q -  could possibly be omitted, 
and then only if q+ -- q - .  There is a value c* (approximately -0.668) for which this occurs. 
If d* = q+ = q -  Capproximately -22.164), then the point Cc*,d *) is omitted. So R 2 \ F (R  2) 
consists of four points: (0, 0), C0,208), ( -1,  -163/4),  and (c*, d*) ~ (-0.668, -22.164). 
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